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Abstract
This paper considers an approach to approximation of sets assuming fuzzy descrip-
tion of information systems. The notions of lower and upper approximation of fuzzy
sets are analysed. Modied denitions of approximations are proposed by extend-
ing the concept of variable precision rough sets on fuzzy sets. Decision tables with
fuzzy attributes are analysed using a generalised measure of approximation quality.
A special form of compatibility relation is proposed in order to compare fuzzy values
of attributes. The investigations are based on real process data.
1 Introduction
The original rough sets theory was conceived using the notions of classical
sets theory. It seems valuable to use the paradigm of fuzzy sets together
with the rough sets theory for constructing and analysing information sys-
tems. That idea was proposed in [5,11] and investigated in many papers e.g.
[1,2,3,4,10,13,14]. The concerned issues were fuzzy description of objects and
introduction of more general relations, which replace the crisp indiscernibility
relation [6,7].
This paper utilises and extends the ideas proposed by Dubois and Prade
in [5] in order to achieve two goals.
First, we want to put together the notion of rough fuzzy sets (RFS) and
the variable precision rough sets (VPRS) concept. This helps to avoid the
disadvantages of the original proposition [5] and may be especially important
in analysis of real data where more tolerance in approximation of fuzzy sets
is necessary. Secondly, we propose a method for analysis of fuzzy information
systems by using a special form of compatibility relation and generalised mea-
sure of approximation quality. That approach was tested on data obtained
from a real decision process.
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2 Approximation of Sets in Fuzzy Information Systems
2.1 Rough F uzzySets
The lower and upper approximation of sets are the basic notions of the rough
sets theory [12]. It is necessary to modify them, in order to enable the appli-
cation of rough sets measures to fuzzy sets. One of the possible propositions
was given b yDubois and Prade in [5].
Let X be a set called an universe and R an indiscernibility relation dened
on X. The relation R is an equivalence relation and it generates a partition of
the universe X in form of indiscernibility classes X
i
; i = 1 : : : n. The family
of equivalence classes of R, i.e. a partition of X determined b yR, will be
denoted b yX=R [12]. An equivalence class of R containing x will be denoted
b y [x]
R
.
Any given fuzzy set F dened in the universe X can be approximated
b y the obtained equivalence classes. The lower and upper approximations of
the set F b yR are fuzzy sets of X=R with membership functions dened as
follows:

RF
(X
i
) = inff
F
(x): x 2 X
i
g(1)

RF
(X
i
) = supf
F
(x): x 2 X
i
g(2)
The pair of sets (RF;RF ) is called a rough fuzzy set [5].
F rom a practical point of view more important are the fuzzy extensions of
the lower and upper approximation of F b yR dened in the domain of the
universe X. One can obtain them by using the extension !(A) of a fuzzy set
A of X=R, which is dened as follows:

!(A)
(x) = 
A
(X
i
); if x 2 X
i
(3)
Therefore, the membership functions of the fuzzy extensions of the lower
and upper approximation of a fuzzy set F b yR respectively are dened as:

!(RF )
(x) = 
RF
(X
i
); 8x 2 X
i
(4)

!(RF )
(x) = 
RF
(X
i
); 8x 2 X
i
(5)
2.2 Variable Precision Rough Fuzzy Sets
The denitions of the lower and upper approximation of a fuzzy set giv enin
(1) and (2) hav e the following drawbacks:
(i) The \restrictive" character of the lower and upper approximation. Even
a relative small inclusion error of an indiscernibility class results in re-
jection (membership value equal to zero) of that class from the lower
approximation. Even tually small inclusion errorscan also lead to an un-
necessary increase of the upper approximation. These properties can be
important especially in case of large universes, generated from dynamic
processes.
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(ii) The obtained values of 
RF
(X
i
) and 
RF
(X
i
) are determined b y limit
values of the membership function 
F
(x). The approximations should be
rather evaluated b yan ov erall inspectionof set inclusion.
We propose to modify the denitions (1) and (2) b y using the idea of
variable precision rough sets (VPRS) introduced b yZiarko [15].
The concept of VPRS with a changed denition of the positive area of
classication can be particularly useful in analysis of inconsistent decision
tables obtained from dynamic control processes [8]. We hav e utilised it in
order to identify the decision model of a skilled military pilot, who performed
various tasks on a ight simulator [9].
The idea of VPRS is based on a changed relation of set inclusion given in
(6) and (7) [15], dened for any nonempty subsets A and B of the universe
X. We say that the set A is included in the set B with an admissible error :
A

 B () e(A;B)  (6)
e(A;B) = 1 
card(A \ B)
card(A)
(7)
The quantity e(A;B) is called the inclusion error of A in B. The value of
 should be limited: 0   < 0:5.
The former proposition leads to a new notion of -approximation of sets.
For any set A  X and an indiscernibility relation R: -lower approximation
of A b yR, denoted as R

A is a set
R

A = fx 2 X: [x]
R

 Ag(8)
which is equivalent to
R

A = fx 2 X: e([x]
R
; A)  g(9)
The -upper approximation of A b yR, denoted as R

A is a set
R

A = fx 2 X: e([x]
R
; A) < 1  g(10)
Now we dene the lower and upper approximation of a fuzzy set F respec-
tiv ely:

R

F
(X
i
) =
8
<
:
inff
F
(x): x 2 S
i
g if e
s
(X
i
; F )  
0 otherwise
(11)

R

F
(X
i
) =
8
<
:
supf
F
(x): x 2 S
i
g if e
s
(X
i
; F ) < 1  
0 otherwise
(12)
where:
S
i
= supp(X
i
\ F ) is the support set of the intersection of X
i
and F ,
e
s
is the support inclusion error, which can be dened for any nonempty fuzzy
sets A and B.
e
s
(A;B) = 1 
card(supp(A \B))
card(supp(A))
(13)
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With the propositions (11) and (12) we can eliminate the rst described
disadvantage of (1) and (2 ). In order to reduce the second one, we propose a
dierent determination of values of the membership function:

R

F
(X
i
) =
8
<
:
f
i
if e
s
(X
i
; F )  
0 otherwise
(14)

R

F
(X
i
) =
8
<
:
f
i
if e
s
(X
i
; F ) < 1  
0 otherwise
(15)
f
i
=
power(X
i
\ F )
card(supp(X
i
\ F ))
(16)
P ower denotes the cardinality of a fuzzy set (for any nite fuzzy set F
dened in X: power(F ) =
P
n
i=1

F
(x
i
)).
The denitions (14) and (15) are equivalent to the propositions (9) and
(10) of Ziarko, in case, when F represents a crisp set.
F or = 0 and a crisp set F the denitions (11), (12), (14) and (15) are
equivalent to the denitions given in the original rough sets theory.
2.3 F uzzyInformation Systems
The crisp indiscernibility relation can be replaced by a fuzzy similarity relation
[5]. Such a relation generates a partition of the universe into fuzzy similarity
classes.
For a given fuzzy set F and a family  = fF
1
; F
2
; : : : ; F
n
g of fuzzy sets on
X the lower and upper approximation of F b y are dened as follows [5]:

F
(F
i
) = inf
x

F
i
(x)! 
F
(x)(17)

F
(F
i
) = sup
x

F
i
(x)  
F
(x)(18)
where:  denotes an operator, for which a  b  min(a; b), and ! is called an
S-implication operator for that a! b = 1  a  (1  b).
The pair of sets (F;F ) is called a fuzzy rough set [5 ].
Assuming that  is equal to the quotient set X b y a fuzzy similarity
relation R, we can determine the membership functions of the fuzzy extension
of the lower and upper approximation of a fuzzy set F respectively:
8x 2 X; 
!(RF )
(x) = inf
x

R
(x; y)! 
F
(y)(19)
8x 2 X; 
!(RF )
(x) = sup
x

R
(x; y)  
F
(y)(20)
The measure of approximation quality introduced in the framework of the
rough sets theory was dened for a given family of crisp sets Y = fY
1
; Y
2
; : : : ; Y
n
g
and a crisp indiscernibility relation R:

R
(Y ) =
card(Pos
R
(Y ))
card(X)
(21)
167
Mieszko wicz-Rolka and Rolka
P os
R
(Y ) =
[
Y
i
2Y
RY
i
(22)
Using the denition giv enabov e we modify now the measure of approx-
imation quality in order to deal with fuzzy sets and fuzzy relations. For a
family  = fF
1
; F
2
; : : : ; F
n
g of fuzzy sets and a fuzzy compatibility relation R
the approximation quality of F b yR will be dened as follows:

R
() =
power(Pos
R
())
card(X)
(23)
P os
R
() =
[
F
i
2
!(RF
i
)(24)
The equation (23) is a generalised denition of approximation quality. If
the family  and the relation R are crisp, then the generalised approximation
quality (23) becomes identical with (21).
The measure of approximation quality is often used for analysing informa-
tion systems with crisp attributes. The indiscernibility of any elements of the
universe depends on attributes, which are taken into account.
Usually we approximate the family of sets, which consists of the equiva-
lence classes generated by the indiscernibility relation, considering the decision
attributes. The approximation will be done using the indiscernibility relation
and considering the subset of condition attributes C. The dependencies be-
tween the two groups of attributes will be determined by evaluating the value
of the approximation quality.
F ordecision tables with fuzzy attributes we dene a fuzzy compatibility
relation in order to compare fuzzy values of attributes, which will be given by
membership functions dened on the original domain of particular attribute.
First, we give a formal description of a fuzzy information system S:
S = hX;Q; V; fi(25)
where:
X { a nonempty set, called the universe,
Q { a nite set of attributes,
V { a set of fuzzy values of attributes.
V =
S
q2Q
V
q
; where: V
q
is the fuzzy domain of the attribute q,
V
q
is the fuzzy (linguistic) value given b ya membership function 
V
q
dened on the original domain U
q
of the attribute q,
f { an information function, f : X Q! V;
f(x; q) 2 V
q
; 8q 2 Q, and 8x 2 X.
We dene now a compatibility relation for comparing any elements x and
y of the universe X, which hav e fuzzy values of attributes:

R
(x; y) = min
q2Q
sup
u2U
q
min(
V
q
(x)
(u); 
V
q
(y)
(u))(26)
where: u 2 U; x; y 2 X; and V
q
(x); V
q
(y) are fuzzy values of the attribute q
for x and y respectively.
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The relation giv enb y (26) is reexive and symmetric (a tolerance rela-
tion). If the in tersection of dierent fuzzy values of each attribute equals to
an empty fuzzy set, then the relation (26) is additionally transitive (a simi-
larit yrelation). In such a case the decision table can be analysed using the
original measures of the rough sets theory. F orcrisp attributes the relation
(26) is an indiscernibility relation.
3 Examples
We want now to illustrate the concepts described in the section 2.3. In the
follo wingexample we analyse a decision table (table 1 ) with fuzzy values of
condition attributes (c
1
, c
2
, c
3
) and decision attributes (d). As  the operator
min was selected.
Table 1
Decision table with fuzzy attributes
X c
1
c
2
c
3
d
x
1
A
2
B
2
C
2
D
1
x
2
A
1
B
2
C
2
D
4
x
3
A
4
B
1
C
4
D
4
x
4
A
1
B
3
C
3
D
3
x
5
A
1
B
3
C
2
D
2
The intersection levels of dierent linguistic values for particular attributes
are assumed as follo ws:
for A
1
and A
2
: 0.2, for A
2
and A
3
: 0.3, for A
3
and A
4
: 0.1,
for B
1
and B
2
: 0.1, for B
2
and B
3
: 0.2,
for C
1
and C
2
: 0.25, for C
3
and C
4
: 0.1,
for D
1
and D
2
: 0.1, for D
2
and D
3
: 0.9,
otherwise: 0.
We obtain a family  of compatibility classes with respect to the decision
attribute d:
F
1
= f1=x
1
, 0=x
2
, 0=x
3
, 0=x
4
, 0:1=x
5
g,
F
2
= f0=x
1
, 1=x
2
, 1=x
3
, 0=x
4
, 0=x
5
g,
F
3
= f0=x
1
, 0=x
2
, 0=x
3
, 1=x
4
, 0:9=x
5
g,
F
4
= f0:1=x
1
, 0=x
2
, 0=x
3
, 0:9=x
4
, 1=x
5
g.
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We determine now the compatibility between the elements of the universe
with respect to all condition attributes:

R
(x
1
; x
2
) = 0.2, 
R
(x
1
; x
3
) = 0, 
R
(x
1
; x
4
) = 0, 
R
(x
1
; x
5
) = 0.2,

R
(x
2
; x
3
) = 0, 
R
(x
2
; x
4
) = 0, 
R
(x
2
; x
5
) = 0.2,

R
(x
3
; x
4
) = 0, 
R
(x
3
; x
5
) = 0,

R
(x
4
; x
5
) = 0.
The approximation quality 
R
() is equal to 0.88.
Finally, we evaluate the of 
R
(), when particular condition attributes are
omitted, and get:

R
() = 0:56 after removing c
1
,

R
() = 0:56 after removing c
2
,

R
() = 0:84 after removing c
3
.
As we can see, the attribute c
3
is not signicant in the decision process.
The next example refers to analysis of a rule system determined for a real
classication task. The aim of the work was to construct a system, which
would be able to detect the wear of a grinding wheel during the surface grind-
ing process.
The set of condition attributes includes:
c
1
{ grinding depth (f
r
[mm]),
c
2
{ longitudinal feed (v
ft
[m/min]),
c
3
{ cross-feed (f
o
[mm/stroke]),
c
4
{ circumferential speed of the grinding wheel (v
s
[m/min]),
c
5
{ grinding force along the x-axis (F
x
[N]),
c
6
{ grinding force along the z-axis (F
z
[N]),
c
7
{ root-mean-square value of the acoustic emission (AE
rms
[V]).
The decision attribute d has two crisp values: 0 { grinding wheel sharp,
1 { grinding wheel blunt.
The linguistic values of condition attributes were expressed using the most
popular triangular membership function and denoted by: VS { \Very Small",
S { \Small",M { \Medium", L { \Large", VL { \Very Large".
Some of decision rules are given in the table 2. The values of approximation
quality after removing particular condition attributes are given in the table 3.
One can observe that the condition attributes c
5
and c
6
are the most important
ones, whereas the attributes c
4
and c
7
could be removed.
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Table 2
Decision table with fuzzy attributes (fragment)
No c
1
c
2
c
3
c
4
c
5
c
6
c
7
d
1 VS VS S VL VS S VS 0
2 VS VL M VL VS VS VS 0
9 M VL M VL S VL S 0
17 L VL VS L S VL VS 0
23 S M S L VS VS VS 0
36 M VL M VL M VL S 1
45 L VL VS L M VL VS 1
52 S L S L S VL S 1
57 S VL S L M VL S 1
Table 3
Generalised approximation quality
Remov ed attributes Approximation quality
0 0.82
1 0.78
2 0.69
3 0.80
4 0.82
5 0.72
6 0.41
7 0.82
5, 6 0.16
5, 7 0.72
6, 7 0.41
5, 6, 7 0.079
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4 Conclusions
In this paper an approach to approximation of fuzzy sets and analysis of fuzzy
information systems was presented.
Modied denitions of the lower and upper approximation of fuzzy sets
were proposed basing on the idea of variable precision rough sets (VPRS).
This resulted in a generalisation of both the VPRS and the rough fuzzy set
concept. The obtained fuzzy VPRS can be eectively used for more \tolerant"
approximation of fuzzy sets.
A generalised measure of approximation quality was introduced to alow
analysis of decision tables with fuzzy attributes. A special form of compati-
bilit y relation was proposed for comparing fuzzy values of attributes.
The propositions proved to be useful in analysis of a real decision table.
The presented approach can be used for building hybrid decision systems.
References
[1] Biswas, R., On R ough Sets and Fuzzy Rough Sets, Bulletin of the P olish
Academy of Sciences. Mathematics, Vol. 42, 4 (1994), 343{349.
[2] Biswas, R., On R oughF uzzySets, Bulletin of the Polish Academy of Sciences.
Mathematics, Vol. 42, 4 (1994), 352{355.
[3] Bodjanova, S., Approximation of Fuzzy Concepts in Decision Making, Fuzzy
Sets and Systems, 85 (1997), 23{29.
[4] Chakrabarty, K., R. Biswas, S. Nanda, F uzziness in Rough Sets, Fuzzy Sets and
Systems, 110 (2000), 247{251.
[5] Dubois, D., and H. Prade, Putting Rough Sets and F uzzy Sets T ogether,
in: S lowinski, R. (ed.): Intelligent Decision Support, Handbook of Applications
and Advances of the Rough Sets, Kluw er Academic Publishers, Dordrecht, 1992.
[6] Greco, S., M. In uiguchi, R. S lowinski,Dominance-base d rough set approach
using possibility and necessity measures, in: Alpigini, J.J., J.F. P eters, A.
Skowron, N. Zhong (eds.): Rough Sets and Current Trends in Computing,
Lecture Notes in Articial Intelligence, vol. 2475, Springer-Verlag, Berlin, 2002,
pp. 85{92.
[7] Greco, S., B. Matarazzo, R. S lowinski, R ough set processing of vague
information using fuzzy similarity relations, in: Calude, C.S. and G. Paun (eds.),
Finite Versus Innite { Contributions to an Eternal Dilemma, Springer-Verlag,
London, 2000a, pp. 149{173.
[8] Mieszkowicz-Rolka A., and L. Rolka, V ariable Precision Rough Sets in Analysis
of Inconsistent Decision T ables, in: Rutkowski, L., and Kacprzyk J. (eds.):
Advances in Soft Computing, Proceedings of the Sixth International Conference
on Neural Network and Soft Computing, Zakopane, P oland, 2002, Physica-
V erlag, 2003.
172
Mieszko wicz-Rolka and Rolka
[9] Mieszkowicz-Rolka A., and L. Rolka, V ariable Precision Rough Sets. Evaluation
of Human Operator's Decision Model, in: So ldek, J., and L. Drobiazgiewicz
(eds.): Advanced Computer Systems, Proceedings of the 9-th In ternational
Conference on ACS, Miedzyzdroje, Szczecin, Poland, 2002.
[10] Mordeson J. N., R ough Set Theory Applied to (Fuzzy) Ideal Theory, Fuzzy Sets
and Systems, 121 (2001), 315{324.
[11] Nakamura, A., Application of F uzzy-Rough Classications to L ogics, in:
S lowinski, R. (ed.): Intelligent Decision Support, Handbook of Applications and
Advances of the Rough Sets, Kluw er Academic Publishers, Dordrecht, 1992.
[12] Pawlak, Z., \Rough Sets. Theoretical Aspects of Reasoning about Data",
Kluw er Academic Publishers, Dordrecht, 1991.
[13] Pedrycz, W., Shadowed Sets. R epr esentingand Processing Fuzzy Sets, IEEE
T ransactions on Systems, Man and Cybernetics - Part B: Cybernetics, 1 (1998),
103{109.
[14] Skowron, A.,Approximate Reasoning in Distributed Environments, in: Suraj, Z.
(ed.): Soft Computing and Distributed Processing, Proceedings of the 6-th
International Conference, SCDP, Rzeszow, Poland, 2002.
[15] Ziarko W., Analysis of Uncertain Information in the F ramework of V ariable
Precision R oughSets Modelling, Proceedings of Workshop. Rough Sets. State
of Art and Perspective, Kiekrz, Poland, 1992.
173
